The charge distribution and energy levels of electrons trapped at two types of lattice defect in ionic solids (interstitial ions and .F-centres) are calculated using a variation method which takes account of the fact that the field acting on the electron near such a defect depends upon the wave function of the electron itself. The model used for the inter stitial ion consists of a point charge in a uniform polarizable medium while that for the jF-centre consists of a potential well whose dimensions are decided by the charges and induced dipoles on the surrounding ions. The ls-2p optical excitation energies are determined for F -centres in typical alkali-and silver-halides. Calculations of thermal activation energies from the 2 ps tate to the conduction band and of thermal dissociation energies (Is state to conduction band) for the silver halides indicate that F-centres should play a more important part than interstitial ions in photoconductive processes in such materials.
Introduction
The distribution of the energy levels of electrons trapped at lattice defects in ionic crystals has been discussed by various authors (see, for example, Mott & Gurney 1940, chapter m ) . Calculations of the energies of these levels have been made for the case in which the defect is a vacant negative ion lattice point centre) by Tibbs (1939) using a potential energy function of the form shown dotted in figure 6. Similar calculations might be made for the case in which the defect is an interstitial positive ion, although the flat portion of figure 6 would not then occur. Mott & Gurney have pointed out, however (as discussed below), that, in both cases, the field acting upon the electron near the lattice defect depends upon the wave function of the electron itself, so that this wave function and the associated potential can only be calculated by a self-consistent method. I t is the purpose of this paper to present the results of the application of such a method to the determination of the Is and 2 levels of an electron in the field of a positive interstitial ion, and in an jF 1-centre. The charge distribution of the trapped electron and hence the effective radius of the impurity centre is also obtained.
Interstitial positive ion
The calculation of the wave function and energy level of an electron trapped by an interstitial ion is simpler than that for an ^-centre, and will, therefore, be considered first.
An interstitial ion occupies a position between lattice points and is considered to be squeezed in so that the surrounding ions are displaced slightly to make room for it. If, to simplify the model used in the calculation, we consider the crystal as a continuum of dielectric constant k , we may then regard the interstitial ion as a point charge inserted in this continuum, and the problem is to determine the wave function of an electron held to this positive charge by a Coulomb force in a polarizable medium. The assumption of spherical symmetry inherent in such a model is, of course, not strictly correct, and the deviations therefrom will be greatest in the immediate neighbourhood of the positive charge. The radial wave functions obtained can however be used to provide rough approximation to the energy levels of the interstitial ion and to show in a general way how the electronic charge is spread through the crystal.
The field a t radius r acting upon the electron trapped by this interstitial ion has been discussed in detail by Mott & Gurney (1940, p. 85) . The calculation of this field is complicated by the fact th a t p art of the polarization of the medium (that due to the displacement of the ions) remains constant during the short time of an electronic transition. Thus, the field acting on the electron when it is a t radius r consists of two parts:
(1) The field e//c0r2 due to the positive ion, where k0 is the dielectric constant of the medium when the ions are held in their normal positions-the high-frequency (> 5 x 1012sec.~1) dielectric constant; and e is the electronic charge.
(2) The field due to th a t p art of the polarization of the medium th a t remains constant when the electron moves. This low-frequency p art of the polarization, which is due to motion of the ions, will be produced by the interstitial ion charge and the fraction of the electronic charge th a t is normally within radius r. The latter quantity is -sp(r), where rr
if \Jr is the wave function of the electron. Hence, the field a t radius r due to this p art of the polarization is P / 1 l \ where k is the static dielectric constant which is, of course, determined by both the low-and high-frequency parts of the polarization. Thus, the field acting upon the electron a t radius ri s e
I t is seen from (2) th a t the field approaches e/tcr2 for very small radii and e//e0r 2 for very large radii, as we should expect. The potential V(r) to be used in Schrodinger's equation is the potential of the field F and thus depends upon ijs. Since a further relation between V and \jr is given by Schrodinger's equation itself, the two can only be calculated by a self-consistent method. The actual method used was of the variation type and may be outlined briefly as follows:
(a) The form of the wave function of the electron is estimated and a function of this type having one or more variable parameters is chosen. In this case, since the arrangement is similar to th a t of the hydrogen atom, an initial function of the form 
F = ^i l~P(C] + ~r2P(r)
= ~2 -^(^o-") e_2-"r (2p 2 r2 + 2pr + 1).
The potential energy term to be used in the variation integral is, therefore,
The final wave function is \Jrx = B e~Ar, B 2 = A3jit.
The energy is given by W = JV X [ -|V 2+P^] ^d r .
Since all functions involved are spherically symmetrical the volume element may be taken as dr = 4 tnr2dr. The radial form of [ -|V 2 +Vf\ r/r1 is
18-2
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and, following integration, the value of W is found to be 
Values of A in atomic units and W in electron volts for some ionic crystals are given in table 1. Corresponding quantities for the hydrogen atom in em pty space are included for comparison. The radial distribution of charge (47rr2^2) for NaCl and AgBr is plotted in figure 1. I t is doubtful whether interstitial ions can exist in appreciable numbers in NaCl, bu t it is probable th a t they are im portant in silver halides (see M ott & Gurney 1940, chapter 11; or Seitz 1940, chapter xv) . The charge distribution for AgCl is shown, to a different scale, in figure 2. These results indicate th a t the effect of the polarizability of the medium is to increase the radius of the Bohr orbit by a factor approximately equal to 3
K^o1 + 2/c-1), and to decrease the ioni (approximate) factor /c0/0-1 6(a:^_1 -f 2/c~1). The Bohr orbit of the Is state, therefore, has a radius of 1*6/(a t J" 1 + 2/c-1) A, and its energy is -4-35(/cy14-2k~1)/kq electron volts.
2-2. Interstitial ion Is state-two-parameter solution
The variation method gives an upper limit to the energy bu t does not indicate how far this is from the true value. Some indication of the accuracy of the values in table 1 can, however, be obtained by comparison with the solution when the initially chosen wave function has two parameters. I f the results lie reasonably close together we may assume th a t they give a fair approximation to the actual energy value. A two-parameter calculation was, therefore, carried out. This was considerably more The energy was found, within the accuracy of the calculation, to be equal to th a t obtained by the one-parameter method, and it, therefore, seems reasonable to assume th a t the values in table 1 are substantially correct. The distributions of charge obtained by the two methods are compared in figure 2.
2-3. Interstitial , 2p state
The energy and wave function for the 2 state have been determined using the same model, and again considering the electric field to be spherically symmetrical. The wave functions chosen contain one param eter and are again the analogues of the hydrogen atom wave functions. Thus = A r e~ar cos 6, = A r e~ar sin 6 cos < ]> , t/r2y = A r e~ar sin 6 sin < f> .
The calculation is similar to th a t for the Is state, although somewhat more com plicated. The values of a and the energies are given in table 2, and the equivalent spherically symmetrical electronic charge distribution for AgCl is shown in figure 2. The electronic charge distribution is, of course, spread over many more lattice distances in this case. For the silver halides it is still appreciable a t distances equal to ten times the distance between nearest neighbours. The 2 level for these sub stances is separated from the conduction band by less than 0-2 eV.
F -centre
An F-centre consists of an electron trapped at a point in the lattice from which a negative ion is missing. In this case the calculation of the potential energy of an electron in the neighbourhood of the trapping point is more complicated, b u t we can obtain an idea of its general form by considering in detail the effect of the immediately adjacent ionic charges. Thus in figure 3 let 0 be the site of the missing negative ion and A , B, C, D, E, F those of the adjacent positive ions. Then, considering for the moment th a t the latter act as point charges, the potential a t point P a distance r from 0 is where a is the distance between nearest neighbours in the lattice. The potential energjf of an electron a t P is, therefore (in atomic units),
The potential energy along line OB is plotted in figure 4 for 0 < ^ It is apparent that, except for the singularity in potential at point B (r -a), the function is relatively flat over practically the whole range. The effect of the more distant shells of ions could be included in a similar manner. The potential produced by these in the range 0 < < will vary even less than that in figure 4 .
We must also consider the effect of the dipoles induced on the ions surrounding O because of the effective charge at 0 when the ion there is removed. The moments of these dipoles for NaCl majr be obtained from the results of Mott & Littleton (1938) . Those of the first shell of (positive) ions are very small. They produce a potential at O equal to 0-5 °/0< j> x, where < j> x is the potential produced by the charge on the ions. The potential at 0 due to the dipoles of the second shell of (negative) ions is larger (4-5
It can be shown quite readily, however, that, except for the singularity at r -a, the curve of potential due to both these sets of dipoles is flat within 20 % for distances from 0 up to 0-9a. Succeeding shells of dipoles will, of course, produce potential curves th at are still flatter.
The above discussion applies to points on the three axes of figure 3. Similar calculations can be made for other parts of the region surrounding O, however, and give substantially the same result. The general form of the potential-energy func tion for two different crystallographic directions is shown in figure 5 . The smoothedover potential function is therefore th a t given by the dashed lines, the average radius of the flat base being approximately equal to a. In considering the effect of the surrounding medium on the electronic charge distribution it is convenient to use Jo st's well-known model in which the material is treated as a uniform medium containing a spherical hole a t the position of the missing ion. The value of the potential a t the centre of this hole is then given by (see Tibbs 1939)
where a = 1-746 is Madelung's constant and R is the radius of the hole. The potential energy of an electron a t this point is, therefore, in atomic units,
V a R \
The second term of this is the energy gained from the polarization of the medium by the effective charge a t the centre of the sphere when the electron is removed. The high-frequency dielectric constant a:0 is used, since we are considering optical tra n sitions, during which the ions have not time to move.
The value of V and hence the radius of the sphere may be obtained from the results of Mott & Littleton (1938) . For NaCl the values are V = -0-22 atomic unit and R = 0-95u = 5-0 atomic units. The radius of the flat portion of the potential curve discussed above is of the order of R, and for the purpose of thi able to assume that they are equal. The picture of the potential energy curve is, therefore, as shown dashed in figure 6 . For large distances from the origin it will have the form -(A:0r)_1. For distances just greater than R its form will be difficult to determine, and if account is taken of the effect of the electron charge distribution on the dielectric medium in the same manner as for the interstitial ion, a discon tinuity will be introduced at r -R, since the methods of calculating regions 0 ^ r^ Ra nd R^ r^o o bear no relation to each other. The curve obtained will be that shown in the full line in figure 6 , whereas the true curve is probably more like th at shown dashed. Some error will be introduced into the calculation because of this difference but we should expect it to be relatively small. For the 2 ps tate a much more serious error results from the assumption that the field of the trapping centre is spherically symmetrical and from the smoothing-over of the potential functions of the first shell of (positive) ions. It is to be expected that these ions would have a pronounced effect upon the shape of the 2 wave function, causing it to move outwards from the trapping centre and to spread over a large volume of the crystal than in the case of the simple model described above. As a result, the 2 pe nergy level calculated using that model will be too low, i.e. the magnitude of the energy value obtained will be too large.
Tibbs has obtained a potential curve for the F-centre using a curve of Coulomb form { -(/c0r)-1} and determining the radius of the bottom of the potential energy well from the intersection of this curve with the line A B . In view of the above estimate of the potential surrounding O, however, it seems that the form of function given by the full line should be more satisfactory.
Using the same functions as in the one-parameter interstitial ion case the value of W was determined for the Is and 2p states of F-centres in NaCl and AgBr. The variation integral now consists of three parts:
Detailed c a l c u l a t i o n s , F-centre Is and states W = \J/'iy ilir1^nr'i dr,
where the function V/ t has the same form as in the previous case. Value A were obtained as before, except that, because of the complicated form of the varia tion integral, it was necessary to solve the equations numerically.
To test these results by two-parameter calculations would involve a prohibitive amount of labour. I t is possible, however, to use a more accurate one-parameter wave function for the Is state. For a potential function of the form used we should expect th a t ch/r/dr = 0 a t r = 0, and we may choose an initial wave function of the form \j/2 = A e~ar(l +ar) which satisfies this condition. The resulting increase in the magnitude of W is about 7 % for both NaCl and AgBr, so th a t it is probably safe to assume th a t these new values are approximately correct. For the 2 state a wave function of the form used in the interstitial ion case should be quite satisfactory. The values obtained for W and A are given in table 3. D ata on the Is state refer to the more accurate wave function. Results for AgCl will be similar to those for AgBr.
The charge distributions for the Is and 2 states of the F-centre are compared with those of the interstitial ion in figure 1 . The following points may be noted:
(a) As pointed out above the magnitude of W2p is probably considerably larger than it should be.
(b) The distribution of charge of an F-centre is confined to a smaller volume of the crystal than th a t of an interstitial ion.
(c) For the F-centre Is state the amount of charge lying outside of r = is relatively small, and the effect of the low-frequency p art of the polarization of the medium will likewise be small. For the model used it would probably be a sufficiently accurate approximation to assume th a t the effective dielectric constant of the medium is k0.
E xcitation and activation energies
I t is of interest to determine the energy of the Is to 2 optical transition for an F-centre in NaCl using the above model. Since during the short time of an optical transition the surrounding ions have not time to move, it is necessary in this case to obtain the energy of th a t state in which the electron has a 2 wave function bu t is acted upon by the field corresponding to a Is ' ave function. We may call this energy Bgpdg) and the required energy of the optical transition is (Tf^pUs)-^is)> where Wls is the energy of the ground state. The values for and W2p(ls) for NaCl are respectively -3*2 and -1-0eV, so th at the energy of the Is to 2 optical transition is 2-2 eV. For reasons given above we should expect this to be a lower limit. The experimentally determined value for this quantity is 2-7 eV. In view of the simplicity of the model used and the approximations made, the agreement between theoretical and experimental values may be considered satisfactory. Results for KC1 give somewhat better agreement with the experimental value.
After the electron has made the transition the ions surrounding the trapping centre will no longer be in equilibrium. The new equilibrium arrangement will be the one which corresponds to the 2 pw ave function of the elec upon the electron, and its potential energy will, therefore, be changed. The electron energy level will, therefore, move slightly closer to the condition band when the ions take up their new positions. For the Is to 2p transition in an F-centre the change of energy thus occurring is very small, since the value of (ls)is, within the accuracy of the calculation, equal to W2p, the energy corresponding to the fin state. This is due to the fact that the wave function and potential are both small at r> R, so th at the effect of the medium upon the value of the variation integral is relatively small whether the field corresponds to a Is or a 2p wave function.
A trapped electron in an excited state may receive sufficient energy from the lattice vibrations to put it into the conduction band. For such a thermal process the ions surrounding the impurity centre will be in equilibrium before and after the act, and the energy required will be less than if the transition were an optical one. This is due to the fact that in moving to new equilibrium positions the ions give out energy. The amount of this energy may be calculated by a modification of a method described by Mott & Gurney (1940, p. 161 ). The energy of an element of the medium of radius r after the electron has been moved but before the surrounding ions take up new positions is
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where the field E (in curly brackets) is given, using the value oip(r) for the 2 state, by equation (2), and the displacement D = e/r2. The energy of the same element after the ions have taken up their new positions is r2dr e e e2 2 kt2 r2 2k
Hence the energy given up by the medium is, in atomic units, when the trapping centre is an interstitial ion, and when it is an F-centre. Using the formula
where E is the thermal activation energy, the results given in table 4 were obtained. I t thus appears th a t an electron trapped by an interstitial ion or centre in AgBr or AgCl has a high probability of reaching the conduction band once it has been excited. For NaCl thermal activation from the excited state to the conduction band appears to be less probable. I t is to be emphasized, however, th a t the F-centre figures in the final column of table 4 should be accepted with reserve, since the energy calculated for the 2 ps tate may be in error. Mott & Gurney give evidenc the NaCl F-centre, the thermal activation energy is of the order of 0-1 eV, indicating th a t the value in table 4 is too high, as expected.
T y p e s o f t r a p p i n g c e n t r e s i n s i l v e r h a l i d e s
The calculations of this paper give interesting information concerning the relative importance of interstitial ions and F-centres in silver halides. The energy of the Is state for an electron trapped by an interstitial ion is -0-4 eV. This is the energy which would be required to dissociate the trapping centre optically. To determine whether an electron will remain trapped by an interstitial ion for any length of time we must obtain the therm al dissociation energy, i.e. we m ust take account of the energy gained because of polarization of the medium when the electron is re moved. When this is done it is found th a t for both AgBr and AgCl the therm al dis sociation energy is approximately 0*1 eV. Thus a t ordinary tem peratures most interstitial ions will have no electrons trapped in their fields. For F-centres, on the other hand, the optical dissociation energy is about 2 eV and the therm al dissociation energy 1-7 eV, so th a t very few F-centres will be dissociated I t thus appears th at, other factors (such as the ease of formation of defects) being equal, F-centres will play a more im portant part than interstitial ions in photoconductive processes in silver halides.
In conclusion, it may be observed th a t the results of this paper are in moderately good agreement with available experimental data, and th a t for those cases in which comparison with experiment could not be made the results are in quite reasonable agreement with theoretical ideas on the subject. I t may be expected, therefore, th a t the squares of the wave functions obtained give a fair indication of the way in which the electronic charge is spread through the crystal.
